A method is proposed to construct a new extended KP hierarchy, which includes two types of KP equation with self-consistent sources and admits reductions to kconstrained KP hierarchy and to Gelfand-Dickey hierarchy with sources. It provides a general way to construct soliton equations with sources and their Lax representations.
Introduction
Generalizations of KP hierarchy attract a lot of interests from both physical and mathematical points of view [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . One kind of generalization is the so-called multi-component KP equation with self-consistent sources, which was initiated by V.K. Mel'nikov [8] [9] [10] . For example, the first type of KP equation with self-consistent sources (KPSCS) reads [8, 9, 13] (4u t − 12uu x − u xxx ) x − 3u yy + 4
q i,y = q i,xx + 2uq i , i = 1, . . . , N,
r i,y = −r i,xx − 2ur i .
The second type of KPSCS is [8, 14] 4u t − 12uu x − u xxx − 3D −1 u yy = 3
[q i,xx r i − q i r i,xx + (q i r i ) y ],
q i,t = q i,xxx + 3uq i,x + 3 2
r i,t = r i,xxx + 3ur i,x − 3 2
where D −1 stands for the inverse of
The Lax equation of KP hierarchy is given by (see, e.g., [15] )
where L = ∂ + u 1 ∂ −1 + u 2 ∂ −2 + · · · is a pseudo-differential operator with potential functions
used in this paper. The commutativity of ∂ tn flows give rise to the zero-curvature equations of KP hierarchy
In this paper, we first introduce a new vector field ∂ τ k which is a linear combination of all vector fields ∂ tn . Then we introduce a new Lax type equation which consist of the τ k -flow and the evolutions of wave functions. Under the evolutions of wave functions, the commutativity of ∂ τ k -flow and ∂ t k -flows gives rise to a new extended KP hierarchy. This hierarchy enables us to obtain the first and second types of KPSCS (i.e., (1) and (2)) in a different way from those in [8-10, 13, 14, 16] and to get their Lax representations directly.
This implies that the new extended KP hierarchy obtained in this paper is different from the mcKP hierarchy given in [1] . Moreover, this new extended KP hierarchy can be reduced to two integrable hierarchies, i.e., the Gelfand-Dickey hierarchy with self-consistent source (GDHWS) [17] and the k-constrained KP hierarchy (k-KPH) [18, 19] 
And the evolution of the dressing operator φ is given by
The wave function and the adjoint one are then given by
where ξ(t, z) = i>0 t i z i . They satisfy the following equations
It was proved in [15] that the principle part of the resolvent defined by
can be written as
For any fixed k ∈ N, we define a new variable τ k whose vector field is
where ζ i 's are arbitrary distinct non-zero parameters. The τ k -flow is given by
which, according to (7), can be written as
By setting q i = w(t, ζ i ), r i = w * (t, ζ i ), we havẽ
where q i and r i satisfy the following equations
Now we introduce a new Lax type equation given by
with
We have the following lemma [20] .
Proof. Without loss of generality, we consider a monomial:
Notice that the second term can be rewritten in the following way
then the lemma is proved.
Proposition 1. (3) and (9) give rise to the following new extended KP hierarchy
Proof. We will show that under (9b), (3) and (9a) give rise to (10a). For convenience, we assume N = 1, and denote q 1 and r 1 by q and r, respectively. By (3), (9) and Lemma 1, we have
Under (10b) and (10c), the Lax representation for (10a) is given by
Now, we list some examples in the new extended KP hierarchy (10).
Example 1 (The first type of KPSCS). For n = 2 and k = 3, (10) yields 
Example 2 (The second type of KPSCS). For n = 3 and k = 2, (10) yields
Let y := τ 2 , t = t 3 , u := u 1 , and eliminate u 2 by integrating the first equation with respect to x, we get the second type of KPSCS (2) . This equation was introduced in [8] , and rediscovered by source generating method [14] .
Under (13c) and (13d), the Lax representation for (2a) is
Example 3. For n = 4, k = 2, and N = 1, (10) gives higher order equations
Here y := τ 2 , t := t 4 . By using
the equations yield
Reductions
The new extended KP hierarchy (10) admits reductions to several well-known (1 + 1)-dimensional systems.
The n-reduction of (10)
The n-reduction is given by
then (6) implies that
By using Lemma 1 and (15), we can see that the constraint (14) is invariant under the τ k
The equations (14) and (5) imply that φ tn = 0, so (L k ) tn = 0, which together with (17) means that one can drop t n dependency from (10) and obtain
The system (18) is the so-called Gelfand-Dickey hierarchy with self-consistent sources [17] .
For n = 2 and k = 3, (18) presents the first type of KdV equation with self-consistent sources (t := τ 3 , u := u 1 )
with Lax representation
The first type of KdV equation with self-consistent sources can be solved by the inverse scattering method [10, 21] and by the Darboux transformation (see [22] and the references therein).
For n = 3 and k = 2, (18) presents the first type of Boussinesq equation with selfconsistent sources (t := τ 2 , u := u 1 )
3.2 The k-constrained hierarchy of (10)
The k-constraint is given by [18] [19] [20] .
By dropping τ k dependency from (10), we get
which is the so-called k-constrained KP hierarchy [18] [19] [20] .
For k = 2 and n = 3, (19) gives rise to the second type of KdV equation with selfconsistent sources.
(q i,xx r i − q i r i,xx ),
For k = 3 and n = 2, (19) gives rise to the second type of Boussinesq equation with selfconsistent sources.
(q i r i ) xx = 0, q i,t = q i,xx + 2uq i , r i,t = −r i,xx − 2ur i , i = 1, · · · , N.
Conclusions
A method is proposed in this paper to construct a new extended KP hierarchy, which enables us to find the first and second types of KPSCS (i.e., (1) and (2) systems (e.g., 2-Toda hierarchy). We will present some other new extended hierarchies in the forthcoming paper.
